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Abstract 

'The model for Orr-Sommerfeld equation with quadratic profile on the finite interval is con- 
O -sidered. The behavior of the spectrum of this problem is completely investigated for large 
'Reynolds numbers. The limit curves are found to which the eigenvalues concentrate and the 
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counting eigenvalue functions along these curves are obtained. 
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AHHOTai],Ha 

PaccMaTpHBaeTca MO^ejibnaa aa^ana fljia ypaBHenna Oppa-3oMMepc|)ejibfla c npoH3BOJibHbiM 
KBaoipaTH^nibiM npo(J)HJTeM. nojiiiocTbio HSVMeiio noBe;i;eime cneKTpa /ura 6ojTbniHx ^nceji 
PeHHOJib;;ca. Haii^^eHbi npeflejibiiue KpHBbie, okojio KOTopbix KOHii;eHTpHpyiOTca co6cTBeHHbie 
3HaHeHHa, h nojiyHenbi c|)yHKn,HH pacnpeflejienHa co6cTBeHHbix anaMenHH B^ojib 3thx kphbbix. 
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1 BBe^eHHe 



B paSoTe HaynaeTca ceMeficTBO flH(|)(|)epeHii;HajibHbix onepaTopoB 

L{e)y = iey" + q{x)y, e>0 (1.1) 
Ha BemecTBeHHOM OTpesKe [a,b] c KpaeBbiMH ycjiOBHHMH: 

y{a)=y{b) = (1.2) 

npH e —>■ 0. 

PaccMaipHBaeMafl aa^ana aBjiaeTca MOflejibio ^Jia HSBecTHoro b rnflpoflHHaMHKe ypaBnenHH 
Oppa-3oMMep(J)ejibfla c npo(J)HJieM HyaaeHJia. HeKOTopbie apryivieHTbi, noacnaiomHe, 
HTO cneKTpajibHaa aa^ana ( |1 . 1|) , (|1.2|) MOJKeT cjiyjKHTb Mo;i;ejibio ^Jia ypaBHenna Oppa- 
3oMMep(|)ejibfla, npHBe;i;eHbi b [^. OflnaKO, tojibko b He;i;aBHeH paSoTe aBTopa h IIlKajiHKOBa |Q 
flano CTporoe ^OKaaaTejibCTBO Toro, ^to cneKTpajibHbie nopTpeTbi npH e ^ Q MO^ejibHoii h 
peajibHoii aa^a^ coBna^aiOT. 

Hhcjio e > HrpaeT pojib Majioro napaMeTpa. Otmcthm, hto e = 1/R, r^e R — 
HHCJio PeHHOJib;i;ca, KOTopoe oSpaTHO nponopii;HOHajibHO BasKOCTH jkh;i;kocth. TaKHM o6pa30M, 
MajibiM 3HaHeHH5iM napaMGTpa e cooTBeTCTByeT ypaBHenne flBHJKeHHa jkh;i;kocth 6jih3koh k 
HfleajibHOH. 

Mbi noKajKCM, ^to npn Majibix ana^eHHax e coScTBennbie ana^eHHa onepaTopoB L(e) 
KOHn,eHTpHpyiOTca okojio neKOTopbix kphbmx b KOMnjieKCHoii njiocKOCTH, bh^ KOTopbix yKaaceM 
SBHO. ^ajiee mm naH^eM acHMnTOTH^ecKHe (J)opMyjibi pacnpeflejienna coScTBeHHbix SHaHenHH, 
paBHOMepHbie no e, h yKa»ceM (i)yHKii;HH pacnpe;i;ejieHHa coScTBenHbix SHaHeHHH BflOJib 

KpHTHHeCKHX JIHHHH. 

noflo6Ha5i saflana, Kor^a BMecTO KBa^paTHHHoii (J)yHKn,HH b ypaBnenHH y^acTByeT (J)yHKn,Ha 
q{x) = X, Hsy^ena b paSoTe f^, r^e npe^ejibHoe MHO>KecTBO, b^ojib KOToporo KOHn,eHTpHpyiOTca 
co6cTBeHHbie SHaneHHa, HasBano cneKmpaAbuuM aaAcmyKOM. FpacJ) KpHTHHecKHX jihhhh b 
HaynaeMOH 3a;i;aHe fljia q{x) = ax'^ + /3x + 7 no (J)opMe TaKJKe HanoMnnaeT rajiCTyK, ho tojibko 
HecHMMeTpHHHbiii. ByflGM HasbiBaTb ero npedeAbuuM cneKmpaAbHUM spac^oM. 



Panee b paSoTe [|] aa^ana (|1.1| ), (|1.2|) Sbijia pemena fljia ^eTHoro npo(|)HjiH HyaaeHjifl 
{q{x) = c KpaeBbiMH ycjiOBnaMH J^mprnxjie na OTpesKe [—1, 1]). 

CjiynaH MonoTOHHoro na OTpesKe npo(|)HJi5i TeneHiia panee 5biJi paccMOTpen b paSoTe |^ A. 
A. IIlKajiHKOBa. B nen flOKasbiBaeTca, hto b btom ocoSom cjiynae npe;i;ejibHoe MHOJKecTBO 
cocTOHT H3 Tpex KpHBbix. B CBa3H c 3THM, Mbi 6y;i;eM npe;i;nojiaraTb, hto BepmiiHa 
cooTBeTCTByiomeii napaSojibi q{x) HaxofliiTca BnyTpn paccMaTpHBaeMoro OTpesKa. ^ajiee 
OTMeTHM, HTO cjiyHaH npiiHaflJiejKHOCTii BepmiiHbi n,eHTpy OTpesKa aaMenoii nepeMennbix 
npiiBO^HTca K cjiy^aio q{x) = x^ na [—1, 1], b CBaaii c neM, b SToii paSoTe 6yfleM paccMaTpnBaTb 

TOJIbKO HeCHMMeTpiIHHbie npO(|)HJIH. 

^a;i;HM pafl BajKHbix onpe;i;ejieHHH h yTBepjKfleHiifi. 

Onpe^ejieHHe 1.1. ToHKaMU noeopoma nopHdna n (pyHK%uup HasueatomcH ee uyAU. Toukg 
noeopoma Zq (pyHK%uu nasueaemcH npocmou, ecAU ona neAHemcH ee npocmuM uyAeM. 
KpamHocmbw mouKU noeopoma nasueaemcH KpamHocmb ee kgk uyAH cf)yHKii,uu p. 
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^jia J11060H TO^KH noBopoTa Zq mojkho BBecTH MHoro3HaHHyio 4)yHKn,Hio: 

z 

S{z,zo) = J ^W)dC■ 

zo 

Onpe^ejieHHe 1.2. Jlunueu CmoKca (pyuK'nuu p, euxodnmeu us mouKU noeopoma Zq, 
HasueaemcH npuean, Oaji Komopou 

Re S{z, Zo) = 0. 

Kpuean, onpedeAHEMan ypaeneHueM \m.S{z,ZQ) = Hasueaemcn conpnotceHHOu Aunueu 
CmoKca. 

Onpe^ejieHHe 1.3. KoMnAencoM CmoKca (f)yHKii,uu p nasueaemcM ecMKoe MancuMaAbHoe 
coHSHoe MHOMcecmeo, cocmoMinee us auhuu CmoKca. KoMUAeKC CmoKca uasueaemcH 
npocmuM, ecAU eKAwnaem Aumt odny npocmym mouKy noeopoma. B npomuenoM CAynae 
KOMHAeKC Hasueaemcfi caomchum. 

Onpe^ejieHHe 1.4. Fpa^ CmoKca, cocmonuj^uu us npocmux KOMUAeKcoe, nasueaemcH 
npocmuM. B npomueHOM CAynae, spacf) nasueaemcH caochchum. 

Onpe^ejieHHe 1.5. IJapa moHeK a u b UMeem npumuHecKoe pacnoAootceHue omHocumeAtiHO 
npocmoso KOMUAeKca CmoKca, ecAU odna us hux Aeotcum na auhuu CmoKca, a emopan 
HaxodumcH au6o na cocedneu auhuu CmoKca, au6o e o6Aacmu, ospanuneHHOu coceduuMU 
AUHUMMU CmoKca, ue codepMcaui^eu auhuu Cmonca, na Komopou Aeofcum nepeasi mouKa. 

Onpe^ejieHHe 1.6. Ilapa moueK a u b uMeem KpumuuecKoe pacnoAOCHcenue omHocumeAbHO 
npocmozo spa^a Cmonca, ecAU ona UMeem KpumuHecKoe pacnoAootcenue omHocumeAhHO 
HeKomoposo KOMnACKca CmoKca. B cAynae KpumuuecKoso pacnoAoofcenuM ma us mouen a ub, 
Komopan Aeomum na auhuu Cmonca nasueaemcH KpumuuecKou, a hucao X G IT, npu KomopoM 
moHKU pacnoAOCHcenu Kpumunecnu, nasueaemcH cumyAHpnuM. 

OTMeTHM, HTO H3 onpe^^ejiGHHa npocToro KOMnjieKca CTOKca cjie;i;yeT 

JleMMa 1.1. Hs ecfiKou npocmou mouKU noeopoma euxodnm poeno mpu Aunuu CmoKca nod 
ysAOMU ±2n/3 no omnomeHuto dpys k dpygy. 

^OKaaaTejibCTBO SToro 4)aKTa hgcjiokho h npHBO^HTca b ||^]. 

Onpe^ejieHHe 1.7. Fpa^OM Cmonca tpyHKU,uu p nasueaemcn coeoKynnocmh ecex ee 
KOMUAEKCoe CmoKca. 

HycTb 4)yHKii;H5i A), saBHCHT ot napaivieTpa A, paccMOTpHM ceivieHCTBO ee rpa(J)OB 
CTOKca $(A). 

Onpe^ejieHHe 1.8. Fpa^u $(Ai), $(A2) SKeueaAenmnu, ecAU cyu^ecmeyem soMeoMop(f)usM 

0:$(Ai)^$(A2), 
npu KomopoM moHKU noeopoma nepexodnm e mouKU noeopoma. 
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Onpe^ejieHHe 1.9. Touna Aq naaueaemcH donycmuMOU, ecAU cymecmeyem OKpecmHocmb 
0(Ao) manaM, umo Sam ecex moHen A amon OKpecmHocmu zpa(pu $(Ao) u $(A) aneueaAeHmHU. 
B npomuGHOM CAynae mouKa Aq nasueaemcM nedonycmuMOU. 

HycTb 

piz, A) = aoi\){z - hi\)r- ■■■{z- 6fc(A))"S G N, 
r^e fej — ajireSpaHHecKHe (|)yHKn,HH, ao ^ — hojihrom. 

riojIOJKHM 

b 



CnpaBe;i;jiHBa cjie;i;yioiii;a5i jieMivia (cm. ||5| §3 n.5): 

JleMMa 1.2. IJycmb Ii — uyAU oq; h — MHOMcecmeo ecex A; bj{\) = bi{\), j ^ I; I3 
— MHOotcecmeo ecex \, umo npu HCKomopux j, I j ^ I Re E(6j(A), 6i(A), A) = 0. Tozda 
MHOMcecmeo I ecex nedonycmuMUX moHCK ecmb I = IiU I2U I3. 

SaMenaHHe 1.1. /Jam cf^yHKv^uu p{z, A) = i{z'^ — A) umccm 

n 



h = h = {0}, /3 = A 



arg A : ^ 



m. e. MHOCHcecmeo nedonycmuMux moHSK e H coenadaem c AynoM argA = —tx/A. 

Onpe^ejieHHe 1.10. MaKcujuaAbHue o6Aacmu odHOAUcniHocmu cf)yHKii,uu S, ozpaHUHCHHue 
AUHUHMU CmoKca, codepoKamue moHKy noeopoma na ceoeu 2paHuii,e, a enympu — HeKomopyn) 
AUHUK) CmoKca, 6ydeM naaueamb naHOHUuecKUMU o6AacmHMU. (CMompu 

Onpe^ejieHHe 1.11. Tpouny {Dj,lj, aj) , sde aj — mouKa noeopoma, Ij — auhum CmoKca, 
euxodnma^ U3 amou moHKU noeopoma, Dj — KanonuHecKaM o6Aacmb, codepotcavu^aH Ij, 6ydeM 
nasueamb KanoHUHCCKOu. 

Onpe^ejieHHe 1.12. Uycmb {Dj,lj,aj) — KanoHuuecKaH mpouKa. Bemeb (pynK%uu 
S{z,aj), dAH Komopou Im5'(/j,aj) = [0; +00), 6ydeM nasueamb KanoHUHCCKOu eemebto, 
coomeemcmeytoiUiCU dauHou mpouKC. 

B KOHii;e paSoTbi Mbi npHBCfleM Teopeiviy o pacnpe;i;ejieHHH coScTBeHHbix SHaHeHHH 
H3yHaeM0H aa^ann. Ona 5y;i;eT ocHOBana na cjie;i;yioiii;eM BaacHOM onpe;i;ejieHHH: 

Onpe^ejieHHe 1.13. QyuKi^usi N{X), onpedeAennaH na 



^ = 7\{a,}, 



zde {Aj}, — moHKU nepecenenuM npumuHCCKUx auhuu u Konennue moHKU zpa4>a na 
eemecmeennou ocu, nasueaemcn npedcAbnou cncKmpaAbnou 4>ynKii,ueu pacnpedcAcnuH, ecAU 
Bah A1060U napu mouen rji, ri2, npunadAeMcaw^eu censnou KOMnonenme T, naudymcH uucAa 
C > M £0 > manue, umo e OKpecmnocmu T paduyca Ce unmepeaAa (?7i, 772) C T npu s < Eq 
HUCAO moHCK cncKmpa 6ydem paeno 

N{T) = \N{r^2) - iV(r/i)| + 0(1), e ^ 
3flecb H flajiee 5yfleM oSoaHanaTb 

p{x) = i{q{x) — A). 
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2 IIocTaHOBKa 3a/i,aHH h o6iii;He saMenaHHa o cneKxpe 

HiaK, paccMOTpHM KpaeByio aa^any ( |1 . 1|) , (|1.2|) . HycTb 

= ax^ + Px + fi, r^e a 7^ 0, /5, G R, 
HajiojKHM ycjiOBHe npHHafljiejKHOCTH BepniHHbi napaSojibi BHyTpeHHOCTH OTpesKa: 

a < < b, 
2a 

HajioiKHM ycjiOBHe OTcyTCTBHa HGTHOCTH napaSojibi OTHOCHTejibHO ii;eHTpa OTpesKa: 

(3 a + b 
~2^ ^ 2 

^jia npoH3BOJibHoro ^ G R cflejiaeivi saivieHy nepeMGHHOH h napaivieTpoB: 

A, = A + --/., 

Ui = \6\u, u = —=. 
B peayjibTaTe saivieHbi HsynaeMaa cneKTpajibHaa aa^ana npnivieT bh^i;: 

y" = iul{aO'^zi - \i)y 

riojiojKHM 6 = ±|a|^^/^. 3a chgt BbiSopa snaKa mojkho ;i;o6HTbC5i 6jih30cth BepniHHbi 
napaSojibi jih5o k jieBOMy, jih5o k npaBOMy KOHii;y OTpesKa. OSpaTHM BKHManne, hto 
HSMeneHHe anaKa a npHBO^HT k OTpajKenHio cneKTpa OTHOCHTejiBHO mhhmoh och. /Jjia 
flOKaaaTejibCTBa 3Toro (|)aKTa flocTaTOHHO paccMOTpeTb KOMnjieKCHoe conpa>KeHHe ypaBneHHa 

H KpaeBblX yCJIOBHH. 

B peayjibTaTe c(|)opMyjiHpyeM cjie;i;yioiii;ee 

SaMenaHHe 2.1. Sadana (HUj, ^lA ) cdeusoM nepeMeuHou u cnenmpaAbHoso napaMempa c 
eosMoofCHUM 620 nocAedywmux ompaotceHueM omHocumeAbHO mhumou ocu (ecAU a < 0), 
pacmsicHceHueM u npueodumcH k eudy: 

y" = iu'^ix^ - X)y, 
y(ai) = yipi) = 0, 



sde ai < < bi, u > 0, a saMena Mooicem dumt eu6paHa maK, Hmo6u \ai\ < \b 



1 • 
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OcHOBbiBaacb Ha btom saMenanHH, ne orpannnHBaa o6iii;hocth paccyjKflenHH, 6yfleM 
paccMaTpHBaTb cjie^yiomyio cneKTpajibHyio aa^any: 

y" = iu'^{x^ - X)y, u>0, (2.3) 

y{a)=y{b)=0, a < < 6, |a| < (2.4) 

B paSoTe ||2| SbiJia OTMeneHa cjieflyiomaa, cnpaBe;i;jiHBaa j^jisi BemecTBeHHoli nenpepbiBHOH 
Ha OTpesKe (|)yHKLi,HH q, 



JleMMa 2.1. Cnenmp sadauu cocmoum us nocAedoeame./ibHocmu co6cmeeHHUx 

SHaueHuu A„, JieMcaiu^ux e nojiynoAoce 



n= U G C 



minofx) < Re A < maxofx), ImA<Or-, 

\aM \aM ) 



'M [a,b] 

Sam Komopux cyui^ecmeyem npedeA eemecmeeuHux uacmeu: 

b 



lim Re A„ = / q{x) dx. 

n— »oo b — a 



a 



SaMenaHHe 2.2. UpuMeHumeAbHO k sadaue ( \2. Sj ), (\2.4 



lim Re A^ 

n^oo 

3 FpacJ) CxoKca 



n = |a G C < ReA < 6^ ImA < o|, 

a'^ + ab + 6^ 



C yneTOM aaMBMaHna 2.1 



nOJIOJKHM 

.2 



q{x) = X , p{x) = i{q{x) — A). 

BBe;i;eM bgtbb \/A, KOTopyio BCio;i;y ;i;ajiee 6y;i;eM nasbiBaTb ochobhou: arg-\/A G (— 7r/2,0) 
npn Im A < 0. 

npHBe^eHHbie HHJKe yTBep>K;],eHHa ^OKaaanbi b pa6oTax [^] h ||^. 

JleMMa 3.1. Fpacf) CmoKcaT o6Aadaem ceoucmeoM ii^eHmpaAbHou cuMMempuu oniHocumeAbHO 
moHKU 0. 

JleMMa 3.2. rpag5 r(A) cbhshuu mosda u moAbKO mosda, Kosda ip = argA = — 7r/4. 

Onpe^ejieHHe 3.1. IJycmb zpa(p CmoKca i{z^ — A) HOAHemcH npocmuM. Tosda oh 
cocmoum us deyx npocmux KOMnAencoe CmoKca. JIuhuu CmoKca nacHcdozo KOMHACKca (no 
dee Ha komhackc), acuMnmomuuecKU npu6Auotca'K)i^uecH k auhuhm emopozo KOMHAenca, 
HasueammcH euympeHHUMU. OcmaAbHue auhuu (no odnou na komhaekc) nasueawmcfi 
enemHUMU (cm. puc. |I[) 
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Figure 1: BneinHHe h BnyTpenHHe jihhhh rpa(|)a CTOKca. 




JIhhhh CTdKca B cjij 


nae arg A G (— 


vr/4,0) 













\ 



SaMenaHHe 3.1. B daAhneumeM eacHCHO noHUMamb, KUKue o6Aacmu HeAHwmcH 
KaHOHUuecKUMU dAJi paccMampueaeMOU (f)yHKii,uu p. PaccMompuM dea CAyuan. 

1) arg A 7^ — 7r/4. Tozda spa^ r(A) cocmoum U3 deyx KOMHAencoe CmoKca (cm. puc. [|, 
Komopue pa36uea'K)m nAOCKOcmb na o6Aacmu deyx munoe: muna noAocu (o6Aacmb, 

ozpaHuueHHaH enympeHHUMU auhuhmu CmoKca) u muna noAynAOCKOcmu (ece ocmaAbHue 
o6Aacmu). B amoM CAynae KanoHunecKue o6Aacmu Mosym 6umb deyx munoe: 

a) o6Aacmu, cocmoMVJ,ue U3 deyx o6Aacmeu muna noAynAocnocmu u codepcHcavj,ue odny 
enemHWK) auhuw CmoKca; 

b) o6Aacmu, codepatcamue o6Aacmb muna noAocu u dee npuMUKamu^ue k neu o6Aacmu 
muna noAyuAOCKOcmu, omeenawiu^ue pasAUHHUM KOMUAeKcaM CmoKca. 

2) arg A = — 7r/4. Tozda spacf) CmoKca cocmoum us oduoso KOMUACKca, pasdueamu^ezo 
nAOCKOcmb na nemupe o6Aacmu muna noAynAOCKOcmu (cm. puc. 0j. B amoM CAyuae 
KanoHUHCCKue o6Aacmu cocmonm U3 Atodux deyx cocednux o6Aacmeu muna noAynAOCKOcmu. 

JleMMa 3.3. Uycmb A G 11, mozda spacfi CmoKca (pyuKu^uu i{z'^ — A) o6Aadaem ceoucmeoM 
u,eHmpaAbHou cuMMcmpuu omHocumcAbHO nauaAa Koopdunam. 



JleMMa 3.4. Uycmb A G 11. Tosda usMeneHue ModyAH A npu (puKcupoeamoM apsyMcnme 
npueodum k soMomemuunoMy usMCHeHuw spa(f)a CmoKca. 
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Figure 3: JIhhhh CTOKca b clJiyHae arg A = — 7r/4 (flJia A = 1/4 — 2/4). 




Figure 4: JIhhhh OrroKca b cjiy^ae arg A G (— 7r/2, — 7r/4) A = 1/4 — 




JleMMa 3.5. Uycmh — 7r/2 < arg A < 0, mosda zpa(p CmoKca Hejinemcfi caochchum mozda u 
mojibKO mosda, Kosda arg A = — 7r/4. 

JleMMa 3.6. nycmt —tx/A < arg A < 0, mosda eneumue auhuu CmoKca (^yuKii^uu i{z'^ — A) 
nepeceKawm eetu^ecmeeHHyw oct. 

JleMMa 3.7. nycmt — 7r/2 < arg A < — 7r/4, mosda eneuiHue auhuu CmoKca (f)yHK%uu i{z^ — X) 
He nepeceKawm eeiu^ecmeeHHyKi ocb. 



4 IIpe^ejibHbiH cneKTpajibHbiii rpa(J) 



B ^annoM paa^ejie mbi ^OKajKeivi KOHn,eHTpan,Hio cneKTpa sa^aHH (|2.3| ) , (|2.4| ) okojio npe^ejibnoro 
cneKTpajibHoro rpa4)a h aBHO onumeM cocTaBjiaion],He ero KpHBbie. 
Bjifljih npe;i;ejibHbix cneKTpajibHbix KpuBbix. 

llpe^jioJKeHHe 4.1. Uycmb ^ > 0, mosda e o6Aacmu 

/s:= {A G C|ReA > 0, ImA<0} 
npu KacHcdoM ip = arg A Haudemcn eduHcmeeHHan moHKa npueou 



7? 



{\eK\Ree^' j y/C^-\dC = 0}. 
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Figure 5: PasGHeHne 11 kphth^gckhmh jiHHHaMH. 




Bojiee mozo, ece moHKU npueou 7^ Aecncam e noAoce <ReX < 

BBe^eM KpHByio 70: argA = —tt/A. Ona pa35HBaeT 11 na ^Be no;],o5jiacTH: orpaHH^enHyio 
H HeorpaHH^eHHyio. OrpaHH^enHyio o5o3HaHHM nepea 11^, HeorpaHH^eHHyio — ^epea 11;. 
PaccMOTpHM flBe TaK HasbiBaeMbix kphth^gckhx kphbbix (cm. pnc. 13): 



a 

7a= {AGn|Ree?* y ^C-XdC = 0}., 



b 

{XeU\Ree^' J ^^-XdQ = O}. 



CorjiacHO npe^JiOKeHHK) 4J. h ycjiOBHio < 6^, KpHBbie pacnojioJKenbi hmghho Tax, KaK 
3T0 noKaaano na pHcynKe |^. BiviecTe c 70 yKaaannbie KpHBbie paaSnBaiOT nojiynojiocy na mecTb 
o6jiacTeH (cm. pnc. |5|). 

Hepea Hi oSoaHa^HM oG'beflHHeHHe Hi; c IIi^ h c nacTbio 70 TaK, htoSm nojiynnjiacb oflna 
na Tpex oSjiacTcii, na KOTopbie paaGnBaeTca 11 kphbmmh 7^ h 7^. AHajiornnHO BBe;i;eM 112 h 

lis, COflep>KamHe B Ce5e, COOTBeTCTBCHHO, Il2l(r) H Il3l{r)- 



JleMMa 4.1. Upu ecex X us Hi, Il2r, ^31, 
o6Aacmu omHocumejihuo zpa(pa CmoKca. 



H^r moHKU a, b Ae^tcam e odnou KanoHUHecKou 



/^OKasaTejibCTBO. Otmcthm, hto BCiofly bhc 70 rpa(|)bi CTOKca aBJiaiOTca npocTbiMH. ^Jia 
Bcex oGjiacTCH Hjr yTBepjKfleHHe ohcbh^^ho b CHJiy Toro, hto b sthx oSjiacTax BHeniHHe 
jiHHHH nepeccKaiOT rpacj) CTOKca (jiCMMa [3?7| ), CTajio 5biTb, ycjiOBHC CHHryjiapnocTH aa^aeTCfl 
KpHBbiMH 7a H 7b, Haxo^amHMHca Ha rpaHHn,e sthx oSjiacTCH. JXajiee, fljia Bcex A G 
HH oflHa Ha TOHCK a H 6 He jiokht b oSjiacTH THHa HOJiocbi rpa(|)a CTOKca, cjie^OBaTejibHO, 
CHHryjiapHbiMH TOHKaMH MoryT 5biTb Jinnib tohkh kphbmx 7a h 7^. Cjie;i;oBaTejibHO, h b stoh 
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Figure 6: KpHTH^ecKHe jihhhh. 




o6jiacTH HGT CHHryjiapHbix ToneK. AnajiorH^HO ^OKasbiBaeTCfl OTcyTCTBHe CHnryjiapHbix tohck 



B Hi/. PeryjiapHOCTb ToneK 70 fl Hi OHeBH;i;Ha npn yneTe jigmm |3.4| , [375 . 
JleMMa flOKaaana. H 

JleMMa 4.2. B o6Aacmu II21 cymecmeyem Kpuean 7", sadaeaeMan coomHomenueM 

a 

ene Komopou Sam ecex moneK A G 112 \ 7~ mouKU a, b AecHcam e odnou KaHOHunecKou o6Aacmu 
omHocumeAbHO spacf)a CmoKca. 

^OKaaaTejibCTBO. ^eficTBHTejibHO, npn A G 112/ BHeniHHe jihhhh CTOKca ne nepeceKaiOT 
Bein;ecTBeHHyio ocb, a TOHKa b Haxo;i;HTca b oSjiacTH Tnna nojiynjiocKOCTH OTHOCHTejibHO rpa(J)a 
CTOKca. CTajio 5biTb, npHHa;i;jie>KHOCTb tohkh a KOMHJieKcy CTOKca, coflep>Kain;eMy TOHKy 
noBopoTa V^, sa^aeT KpHTHnecKoe pacnojio>KeHHe napbi tohgr a h 6 OTHOCHTejibno rpa4)a 
CTOKca c KpHTHHecKOH TO^KOH tt. Bcio^y BHe 3T0H KpHBOH yTBepjKfleHHe jieMMbi Bbinojineno. 
JleMMa flOKaaana. ■ 

Otmcthm, hto 7~ o;i;hhm h3 KOHn;oB co;i;epjKHT TOHKy Ai nepeceneHHa 7^ h 70. Mojkho 
HOKaaaTb, hto 7" coflepjKHT h neKOTopyio TOHKy A2 G 7^ (cm. pnc. 

JleMMa 4.3. Tohku Ai u A2 pa36ueaK)m Kpueue 'ja u 7^ na dee nacmu. Upu \, AeMcaui^ux e 
uacmnx, npuMunawvuux k mhumou ocu, mouKU a, b AecHcam e odnou KanoHUHecKou o6Aacmu 
omHocumeAbHO spa^a CmoKca. 

/^OKasaTejibCTBO. Otmcthm, hto KpHBaa 7" pa36HBaeT 112/ na ;i;Be o6jiacTH: TpeyrojibHHK 
T H HGTbipexyrojibHHK Q. Ilpn A G Q TOHKa a jiejKHT b o6jiacTH Tnna hojiocm, a TaK KaK 
BHeniHHe jihhhh ne nepeceKaiOT Beiii,ecTBeHHOH och npn A G 112/, to BbiHOJiHeHHe ycjiOBHa 
HpHHa^jiejKHOCTH 6 rpa(|)y CTOKca (A G 7/,) ne npHBe^eT k KpHTH^ecKOMy pacnojiOiKeHHio napbi 
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Figure 7: KpHTH^ecKoe pacnojio>KeHHe napbi. 




TOHCK a H 6. B cjiynae c 7a KpHTH^ecKOMy pacnojio>KeHHio napbi Memaei npHHafljiejKHOCTb b 
oSjiacTH THna nojiynjiocKOCTH KOMnjieKca, coflepjKamero 
JleMMa flOKaaana. ■ 

Ha npHBefleHHbix Bbime jigmm BbiTCKaeT cjie;i;yioiii;ee BajKHoe 

Cjie^CTBHe 4.1. BeedeM CAedywmuu Ha6op npueux: 

70= [0,Ai], 
7a = {A e 7a| argA > argAi}, 

la la ' 

7fe = {A G 7^1 argA > argA2}. 

Tozda npu ecex A G 11, mc AeMcaiu,ux ua yKasauHux Kpueux moHKU a, b jieotcam e odnou 
KaHOHUuecKou o6Aacmu omHocumeAbHO zpa(pa CmoKca. (cm. puc. 0j. 

Otmcthm 

npefljio:a<;eHHe 4.2. IIpu A G 11 \ Hi; mouKU a u b ne Mosym Haxodumtcfi e o6Aacmu muna 
noAocu odnoepeMeHHO. 

PaCCMOTpHM 4)yHKIi;HH 



OyHKi^HH Wi, W2 H3BecTHbi KaK BKB-npH6jiHJKeHHa pemeHHH ypaBHenHa (|2.3| ). 
Cjie^yiomHe ^Be jieMMbi flOKaaanbi b [|], § 3, n. 5]. 
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JleMMa 4.4. Ilycmb — cesisHuu KOMnanm e X-nAOCKOcmu, ece mouKU Komoposo donycmuMU 



e cuAy onpedeACHUH |77J (e uameM CAynae e cuAy saMenauuH |77J KOMnanm ne codepcncum 
moHen X: argA = —tt/A). IJycmb D{X) — KaHOHunecKue o6Aacmu c^yuKyuu p{z,X), 
Henpepueno saeucniu^ue om X E fi. Tozda cymecmeyem cf^yHdaMeHmaAbHaji cucmeMa 
pemeHuu Wi, W2 ypaeneuuH l\2.3i ), Bah Komopou npu z E D = r]\^KD{X) cnpaeedAueu 
acuMTimomuKU 

wi,2{z, A, u) = wi^2{z, X, u)(^l + ^ . (4.5) 

VKasaHHue acuMnmomuKU mookho du^HpepeHUfUpoeamh no z, u, X Awdoe hucao pas. 

EcjiH Ao — He^onycTHMaa TO^Ka, to MO>KeT cymecTBOBaTb ceMeiicTBO KaHOHH^ecKHx 
oGjiacTGH -D(A), nenpepbiBHO aaBHcamee ot A npH X ^ I3, KOTopoe npn A — >^ Aq HMeeT 
npe^ejiOM Heo^HOCBasHyio oSjiacTb, cjie^OBaTejiBHO, ne KaHOHH^ecKyio. Ho MoryT TaK>Ke 
cymecTBOBaTb o6jiacTH -D(A), KOTopbie ocTaiOTca nenpepbiBHbiMH npn A, npHnafljieacainHx 
BceMy MHOiKecTBy hjih ero MacTH. B TaKofl CHTyaii;HH jieiviMa ^]4| ;i;onycKaeT o6o6iii;eHHe. 

JleMMa 4.5. ntjcmt Vt — censHuu KOMnaKm e X-nAOCKOcmu, ece uiohku Komoposo au6o 
donycmuMU, au6o npunadAecHcam muny I3 (Baa paccMampueaeMoso CAyuan (fiyHKV^uu q = 
o6Aacmb fl ne codepcncum 0). IJycmb KanoHUHCCKue o6Aacmu -D(A) maKoeu, umo npu X E fl 
OHU HcnpepueHU. Tosda cnpaeedAueo ymeepofcdenue acmmu 



B paSoTe ^OKaaana paBHOMepnocTb acHMnTOTHnecKHx cooTHomenHH ( ^.5| ) KaK npn 
SojibinoM napaMGTpe u, trk h npn SojibinoM cneKTpajibHOM napaMCTpe A. 3;i;ecb mm npHBefleivi 

(|)OpMyjIHpOBKy COOTBCTCTByiOIHeH JieMMbl. 

JleMMa 4.6. JJaji aw6o20 K — KOJunaKma e C u Uq > naudemcsi hucao Rq > maKoe, umo 
ypaeneHue ( ^. Sj) 6ydem UMcmb napy nesaeucuMux pemenuu: 

U{z) = cp-^/^e"^(^'^)(l + !±i^l^), 

uX 

V{z) = cp-^/^e-"^(^'^)(l + !zl£l^), 

uX 

sde Kan u panee 

z 

Siz, VX) = S(A z, A) = e?^ J Ve^dC p{z) = i{z^ - 1), 
a e±{z, u, A) — ospanuHeHHue c^yuKu^uu npu z E K u \X\ > Rq, u > Uq. 

JleMMa 4.7. IJycmb Jam ecex X us ueKomopozo saMKuymozo nodMHOCHcecmea G C 11 mouKU 
a uh ne pacnoAOCHceHU npumuuecKU omnocumeAbno npocmozo spac^a CmoKca. B amoM CAyuae 
Au6o naudemcH uq > maKoe, umo npu u > uq MHOMcecmeo G ne 6ydem codepMcamb 
co6cmeeHHUx SHanenuu sadauu ( ^^ ), ( ^-4 ), Jiu6o MHOofcecmeo 

T= {XeG\ ReS(v^,a,A) = ReE{VX,b,X)} (4.6) 

ne nycmo. B nocAedneM CAyuae Oaji ecHK020 5 > naudemcA uq > manoe, umo npu u > uq 
ene 6 -OKpecmnocmu t e G ne 6ydem codepcHcambCA co6cmeeHHUx snaHenuu sadauu (^.Sj ), ( ^.4 ) 
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Figure 8: Hpe^ejibKbie cneKTpajibHbie KpHBbie. 






a2 












Too 





/I,OKa3aTejii>CTBO. OSpaTHM BHHManHe, ^to tg h TOJibKO tg A, npn KOTopbix rpacj) CTOKca 
aBJiaeTca npocTbiM, aBJiaiOTca flonycTHMbiMH, b cbssh c hgm b paccMaTpHBaeiviOM MHOJKecTBe 
G MOJKHO npHMenaTb jieiviMbi ;i;aHHoro paa^ejia. 

Hocjie BbiHHCJieHHa xapaKTepncTHHecKoro onpe^ejinxejia c nocjie;iyioiii,HM ero 
npHpaBHHBaHHeM k nyjiio, nojiy^HM ypaBHenne na r. 

06paTHM BHHMaHHe, ^TO BCio^y B G Mbi MO>KeM nojib30BaTbca acHMnTOTHKaMH pemeHHii 
W\ W2-, TaK KaK Bciofly B G TOHKH a H 6 He pacnojiojKeHbi kphth^gckh OTHOCHTejibHO rpa(J)a 
CTOKca. 

Bojiee noflpoGnoe ;i;oKa3aTejibCTBO Smjio npoBe;i;eHO fljia neTHoro npo(J)HJia b pa6oTe f^. 
JleMMa flOKaaana. ■ 

TeopeMa 4.1. PaccMompuM CAedywmue Kpueue: 

70= [0,Ai], 
7a = {A G 7a| argA > argAi}, 

7a 7a ' 

7fe = {A e 76| argA > arg A2}, 

npoMe moso, eeedeM 

h 

7oo = {AGnn|Reef^y" v^C^^^C = O}. 

a 

06o3HaHUM ( CM. puc 

7 = 7o U 7a U 7^ U 7b U 7oo. 

Tozda d./iH ecMKOu 6 -OKpecmHocmu 7 naudemcH Mq > maKoe, umo npu u> Uq ece mouKU 
cnenmpa 6ydym codepcHcambcsi e amou OKpecmHocmu. 
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/^OKaSaTejIbCTBO. nOKa>KeM, HTO B oSjiaCTaX Ulr, ^21, ^2r, ^31, ^3r HGT TO^eK, MHO>KeCTBa 

r (H). 

Cna^ajia paccMOTpHM Hir, ^2r, ^3r- yKaaaHHbie oSjiac™ jiexcaT b yrjie — 7r/4 < aigz < 0, 



cjie;i;oBaTejibHO, corjiacHO jieiviMe ji^jin Bcex tohck A h3 bthx oSjiacTeii BHeniHHe jihhhh 
CTOKca nepecGKaiOT BeinecTBeHHyio ocb. Otmcthm, hto npn stom hh oflna h3 tohck a h 
6 He MO>KeT HaxoflHTbca b oSjiacTH THna nojiocbi (orpanHHeHHofi BHyTpennHMH jihhhhmh 
CioKca), HHa^e 5bi cymecTBOBajia napa tohck x^2 > b {b cjiynae npHHafljie>KHOCTH b 
oSjiacTH THna nojiocbi), hjih < a (b cjiynae npHna^JieiKnocTH a oSjiacTn Tnna nojiocbi) 
— TOHKH nepeceneHHa KOMnjieKca CTOKca c Bein;ecTBeHHOH ocbio, h3 Hero cjie;i;oBajio 6bi 
npoTHBopenne c eflnncTBeHHOCTbio tohkh kphboh 7a hjih c e;i;HHCTBeHHOCTbio tohkh kphboh 
7b npH 4)HKCHpoBaHHOM apryMGHTe. CTajio 5biTb, Mempj TOHKaiviH a h 6 npoxo^HT jihhh5i 
CTOKca KOMHjieKca CTOKca, Bbixo^antero h3 V^, cjieflonaTejibHO, 3naKH BentecTBennbix nacTeii 
pa3JiHnnbi: 

sgnRe S(V^, a, A) = — sgn Re S(V^, b, A) 

npn A G Ulr U ^2r U 1^3^. 

PaCCMOTpHM II2I H OtMCTHM, HTO B 3THX o5jiaCTaX TOHKa b He JiejKHT B oSjiacTH THna 

nojiocbi, cjieflonaTejibHO, uex^y napon ToneK a n 6 cnona jie>KHT jinnna CTOKca KOMHjieKca, 
Bbixo^amero h3 h 3HaKH nentecTBennbix nacTen pa3JiHnaiOTca. 

OSpaTHM BHHManne, hto b o6jiacTH Hi; mojkho npHMennTb jieMMy p.7| n BbiSpaTb bgibb 
\/C^ — X c pa3pe3aMH no BHeniHHM jihhh5im CTOKca, KOTopbie ne nepeceKyT Beni;ecTBeHHOH 
ocH, B CBa3H c HGM ypaBHeHHG (f4.6|) Ha r mojkho 3aMeHHTb HHTerpajiOM, OHpe;i;ejiaioni;HM 700. 



Tlajibnenmee oneBH^noe npHMenenne jieMMbi 4/7 npnBOflnT k saBepmennio flOKa3aTejibCTBa. 
TeopeMa flOKa3aHa. ■ 

OSpaTHM BHHManHe, hto nee KpnTnnecKHe KpnBbie mo>kho pasSnTb na KpnBbie Tpex thhob: 

1. XapaKTepH3yeTca tgm, nTO Oflna h3 Tonex a hjih b naxo^HTCfl na jinnnn CTOKca npocToro 
KOMHjieKca, a BTopaa — b toh nacTn KOMnjieKcnoii hjiockocth, pa36HBaeMOH ^annbiM 
KOMHJieKCOM Ha TpH HacTH, KOTopaa He co^epjKHT 9Ty jiHHHio CTOKca. B HameM cjiynae 
TaKHMH aBJiaiOTca KpHBbie: 7^, 7", 7;,. 

2. JXjih Bcex ToneK A kphboh ^annoro Tnna rpa(J)bi CTOKca anjiaiOTCfl cjioJKHbiMn, a napa 
TOHGK a H 6 He jiejKHT B oflHoii KaHOHHHecKOH o5jiacTH OTHOCHTejibHO rpa(J)a. B nameM 
cjiynae TaKofi kphboh SBJiaeTca 70. 

3. XapaKTepH3yeTca tgm, hto ^Jia Bcex ToneK A TaKon kphboh rpacj) CiOKca 5iBji5ieTca 
npocTbiM, napa tohgk a m b jigjkht b o;i;hoh KanonHHecKOH oSjiacTH, a caivia KpHBaa 
y^IOBJieTBopaeT ypaBHennio (|4.(S| ) na r. HpHMeHHTejibHO k paccMaTpHBaeiviOMy cjiynaio 
TaKOH sBjiaeTca KpHnaa 700. 



5 HoBe^eHHe cneKxpa npH e ^ 

HaM HOTpeSyiOTca yTBepjK^eHHa o MaTpHH;ax nepexo^a, ;i;oKa3aTej[bCTBa KOTopbix mojkho 
naiiTH B MOHorpa(J)HH [|]. 

HycTb flanbi ^ne napbi (f/j, V,), (f/fe, V^) jinnenno He3aBHCHMbix pemennH ypabnenna ( |2.3| ). 
Sflecb HH;i;eKCbi j n k (|)HKCHpoBaHbi. npoH3BOj[bHoe pemeHHe W SToro ypaBHenna mojkho 
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npeflCTaBHTb jiHHeHHoii K0M6HHan,HeH sthx nap pemeHHii: 

W = ajUj + (3jVj = akUk + PkVk- 
Onpe^ejieHHe 5.1. Mampuii,a Qjk = Qjk{u, \) manaM, nmo 

"fc ^ _ O ( 

Sam ecex pemenuu W ypaeneHUM ( \2.^) , nasueaemcM Mampuxj,eu nepexoda om napu {Uj,Vj) k 
nape {Uk,Vk). B HacmHocmu, npu ecex z E C cnpaeedjiueo paeencmeo 

zde flji^ — mpaHcnoHupoeaHHaM Mampuii,a nepexoda. 

KaK H panee, nojiojKHM p{z, A) = i{z^ — X) . PaccMOTpnM KaHOHH^ecKyio TpoiiKy [D, I, zq) h 
KaHOHHHecKyio BGTBb S (b CMbicjie onpeflejieHHH |TTTl|, |1.12| ). YflajinM h3 S{D) jieBbie (npaBbie) 
£-OKpecTHOCTH pa3pe30B H e-OKpecTHOCTH o6pa30B TOHCK noBopoTa. npoo6pa3 0603HaHHM 
Hepe3 Dt p-). 

Onpe^ejieHHe 5.2. BecKoneHHUu nymb '~f~^{z) C (l~{z) C Dj ) nasueaemcM 

noAoofcumeAhHUM (ompuii^ameAbHUM ) KanonunecKUM nymsM Bah mpouKU {D,1,Zq), ecAU 
odun U3 620 KonVfOe coenadaem c z u Bah KanonuuecKou eemeu S coomnomenue Re 5(^,20) ~^ 
+oo{—oo) uMeem Mecmo npu ( G 'y~^{z) (( G ■y'iz) ), z ^ 00. 

JleMMa 5.1. Uycmb {D,1,zq) — KanoHUHecnaM mpouna, S — KanonuHecKaM eemeb. Tosda 
npu u ^ 1 e o6Aacmu D cymecmeyem napa nesaeucuMux pemeHuu {U,V), UMenyeMan 
KanoHUHecKou napou, coomeemcmeyiouj,eu dauHou KanoHUHecKou mpouKe, acuMnmomuuecKU 
npedcmaeAsieMux e D pasAOMcenufiMU npu u —>■ +00; 

U{z, u) ~ cp"^/^(;2)e+"^(^'^°) exp ( f^i+u)"'" / Mt) dt] , 

~cp-^/^(2)e-"^(^'^°)expf / ak{t) dt 

V k=i A-(^) 



sde 



J\2 



_1 p" 5 {p' 

'^1 ~~T/o TTTT RTT' 



; p3/2 32 p5/2 
u dAH ydo6cmea sanucu ucnoAbsytomcM o6o3HaHeHUH 

p' 

a_i = vT, "0 = 

3decb 7^(z) — npouseoAbHue noAoofcumeAbHuu u ompuu,ameAbHuu nanoHUHecKue nymu e D, 
a c — HopMupoeoHHUu K09(p(puu,ueHm maKou, nmo 

\c\ = 1, lim arg(cp~^''''(2;)) = 0. 
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SaMenaHHe 5.1. CymecmeoeaHue decKOHCHHOzo hucaq HJienoe e npueedeuHux 
acuMnmomuHecKux pasjioMcenuHX mochcho doKasamb, e uacmHocmu, djin noAUHOMuajihuux 
(pyHKn,uu q. OdnaKO, daAee ucnoAbsyemcM moAbKO nepeoe npudAuotcenue. 

Onpe^ejieHHe 5.3. Uycmb sadanu dee KanoHuuecKue mpouKU {Dj,lj,Zj) u {Dk,lk, Zk)- 
Mampuii,y nepexoda om KanoHUHecKou napu pemenuu {Uj,Vj) k KanoHUHecKou nape {Uk,Vk) 
6ydeM nasueamb Mampuii,eu nepexoda om KaHOHUHecKou mpouKU {Dj,lj,Zj) k {DkJk, Zk) ■ 

MojKHO flOKaaaTb cymecTBOBaHne neTbipex thhob MaTpnii; nepexoda MejK;i;y KaHOHHHecKHMH 
TpoHKaMH, H3 KOTopbix nyTGM KOMno3Hii;HH HOJiyHaiOTca Bce flpyrne BOSMOJKHbie MaTpHii;bi 
nepexofla. C(J)opMyjiHpyeM jieMMbi, npe^CTaBJiaiomHe buji MaTpnii; b Tpex cneii;HajibHbix 
CHTyan,Hax. 

JleMMa 5.2. Uycmb {D,l,zi) — nepean mpouna, {D,l,Z2) — emopan. MennemcH Aumb 
uanpaeAenue KOHeuHou auuuu CmoKca I. Tosda 

JleMMa 5.3. Uycmb {D,li,Zi) — nepean mpouKa, {D,l2,Z2) — emopan, npuHCM aijhu S{li) 
u S{l2) HanpaeACHU e odny cmopony. Uycmb I2 naxodumcn CAcea om h. Tozda a = S{zi,Z2), 
Rea > u 

JleMMa 5.4. Uycmb Zq — npocman mouKa noeopoma (uyAb nepeozo nopjidna (pynK%uu p), 
h, h, I'i ^ AUHUU CmoKca c HanaAOM zq, Ij+i Aecncum CAcea om Ij. OdosuauuM Mampuii,y 
nepexoda om {Dj,lj,zo) k (Dj+i, /j+i, zq) y-epes Tozda 

u cnpaeedAueo acuMnmomunecKoe pasAOMcenue 

a^j+i X expf ak{t)dt\. (5.7) 

V k=l "'7j j+i / 

3decb 6ecK0HeHHUu Konmyp 'Jjj+i Aecncum e DjUDj^i, HauunaemcH e -Dj+i maM, zde ReS* — >■ 
+CX), u saKauHueaemcn e Dj maM, sde KeS ^ —00. Bemeb y/p eu6paHa man cuce, kgk dAH 
(f)yndaMenmaAbHou cucmcMU {Uj,Vj). 

Hccjie^OBaHHa cneKTpa na pasjiHHHbix kphbbix npe^ejiBHoro cneKTpajiBHoro rpa(|)a 
TexHH^ecKH cxojKH, nosTOMy, 5ojiee no^poSno paccMOTpHM naHSojiee cjiojkhbih cjiynaii — 
KpHBOH THna 1^ (cjiynaH 70). 

HpH flBHJKeHHH Bflojib KpHBOH, nepeceKaioni;eH 70, B;i;ojib KOTopoii apryivieHT CTporo ySbiBaeT, 
rpa(J) npeTepnesaeT HSMeneHHa, noKaaannbie na pnc. |^. BepxHHii pa^ cooTBeTCTByeT tgm 
TOHKaM KpHBOH, fljia KOTopbix aig A > — 7r/4; cpeflHHii pa^ — argA = — 7r/4; hh>khhh — 
arg A < — 7r/4. 

06o3HaHHM jihhhh CTOKca H KanoHHHecKHe TpoHKH TaK, KaK 3T0 c;i;ejiaHO na pncyHKe ^. 
HnfleKCbi KaHOHHHecKHx pemeHHii hojiojkhm paBHbiMH HH;i;eKcaM KanoHHHecKHx oSjiacTeii. 
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Figure 9: MaTpHn,bi nepexo^a h KanoHH^ecKHe oSjiacTH. 




JleMMa 5.5. Mampwi^a fiie nepexoda om KaHOHunecKou mpouKU {Di,li,—\/X) k mpoune 
{Dq, Iq, \/A) eupacHcaemcH CAedywvj^eu (f)opMyAou: 



^'l6 
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/I,OKa3aTejii>CTBO. Hs oSoana^enHH ^jia MaTpHn,, BBe^enHbix na pncyHKe |^ cjie^yeT, ^to 

■^'16 ~ '^'12'^ '24'^ '46 ~ '12'^ '24 V'^ '64/ ' 



nOCJieflHHe MaTpHn,bI HaM ^aiOTCH CBOHMH ABHblMH BHflaMH JieMMaMH 

1 



5.2 H 5.4 



JleMMa flOKaaana. ■ 

PaccMOTpHM xapaKTepHCTH^ecKHH onpe^ejiHTejib b neKOTopon OKpecTHOCTH T HHiepBajia 
B 7o B n, He coflepjKameH neKOTopoii OKpecTHOCTH nyjia. 



A(m,A) 



Ui{a) Ur{h) 



Ui{a) uuUeib) + UuVeib) 
Vi{a) uj2iUe{b) + U22Ve{b) 



= uj2iU,{a)U^{h) + uj22U,{a)V,{h) - u;^,V^{a)Ue{b) - u;Ma)Ve{b). 

PaCCMOTpHM KaHOHHHeCKHe BeTBH S(){ — \^,b) H Si{VX,a). 
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JleMMa 5.6. flnn ak)6oso ompesKa I MHOCHcecmea 70, ne codepcHcameso moHen u \i, 
HaudemcH OKpecniHocmb T amoso ompesna, Sam ecex moueK A Komopou 

Re^i(-yA,a) > 0, Re ^6(v^, > 0. 

/^OKasaTejiBCTBO. HeMe;],jieHHO cjie^yeT h3 pacnojiojKenHa to^gk a h 6 OTHOCHTejibHO rpa(J)a 
CTOKca npH A G T H anajiHTH^HOCTH 4)yHKn,HH. 
JleMMa flOKaaana. ■ 

JleMMa 5.7. /I,jih a'k>6ou ttiohku G 70 maKou, nmo fi ^ u fi ^ Xi, Sam Atodou OKpecmHocmu 
O smou moHKU, ne codepcHcameu ueKomopux OKpecmHocmeu uyAH u Ai, HaudymcM Uq > 
u HUCAO C > manue, umo npu ecex u > Uq OKpecmHocmb O 6ydem codepotcamt 
moHKU cnenmpa. BoAee moso, ecAU paccMompemb moHKU \k = e~^'^^^{2k + l)/u, mo e 
Kaotcdou OKpecniHocmu Uk amux moneK paduyca C/ti^ , Aeotcavneu e O, naudemcM u npu moM 
eduHcmeeuHaH moHKa cneKuipa. 

/^OKaaaTejibCTBO. PaccMOTpHM OKpecTHOCTb T npoHSBOJibnoro OTpesKa b 70, co;i,ep>Kaiu,ero 
H, KOTopyio HaM ^aei jieMMa p.6|. He orpanHHHBaa oSmnocTH, Sy^eM c^HTaTb O C T. 



Ilojibayacb jieMMOH 5.6, nojiy^HM, ^to npn u +00 paBHOMepno b O cnpaBe;],JiHBO 



acHMnTOTHHecKoe paBencTBo: 

A(m, A) = cu2ip-^/'(a)p-^/^(6)e"(^'^(')+^i('^))(l + 0(6""^)). 

IlpHpaBHaeM xapaKTepncTHHecKHii onpe;i;ejiHTejib k nyjiio, nojiy^HM SKBHBajieHTHoe 
ypaBHeHHe, cnpaBefljiHBoe npn u ^ 1 paBHOMepno b O: 

U21 = 0, 

nojibsyacb aBHbiM bh;i;om ;i;aHHoro sjieMeHTa (cm. JieMMy p. 5]), nojiynHM 



0:56 "12 ase 



HJIH 



e™*^ ' = -l + 0(-), (5.8) 
u 

rfle (J)yHKii;Ha, aBJiaioinaaca paBHOMepHbiM 0(1/m), anajiHTHHecKaa b OKpecTHOCTH O. ^ajiee 
BOcnojibsyeMca TeopeMOH Pyme. 
JleMMa flOKaaana. ■ 

^annaa jieMMa o^eBH^HbiM oSpaaoM oSoSmaeTca ^Jia BCflKoro OTpesKa / C 70, ne 
co^epjKamero To^eK h Ai. 

Cjie^CTBHe 5.1. fl,ASi Atodoso ompesKa / C 70 / n Ai /, dAH Atodou OKpecmHocmu 
T 3171080 ompesna, ne codepoKameu Henomopux OKpecmnocmeu uyAH u \i, naudymcH uq > 
u HUCAO C > manue, nmo npu ecex u > Uq oKpecmuocmb T 6ydem codepotcamb 
moHKU cnenmpa. EoAce moso, ecAU paccMompemb moHKU \k = e~*'^/^(2/c + l)/u, mo e 
KacHcdou OKpecmHocmu Uk 3mux monen paduyca C /u^ , Aeotcauj^eu e T naudemcH u npu moM 
eduHcmeeHHan monna cnenmpa. 
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Cjie;],yiomee yTBepjK^eHHe ^aeT HaM pacnpe^ejieHHe cneKTpa b okpgcthocth kphbbix 7a, 

7a , lb- 

JleMMa 5.8. IJycmb Kpuean 7 xapaKmepusyemcM meM, nmo U3 napu moHen a, b naudemcM 
odna (o6o3HaHUM ee nepes HeAHwmaHCH npu ecex A G 7 KpumunecKou e cmucac 
onpedeAenuM 06o3HaHUM zq{X) — mouKa noeopoma, us Komopou ucxodum auhuh 

CmoKca codepcHcavnasi ^. Tosda djiH aw6oso unmpeeajia I G 'j, He codepotcaiu^ezo KOHV^eeux 
moueK 7, Jam aio6ou OKpecmHocmu T amoso unmepeaAa, ne codepofcameu ueKomopux 
OKpecmHocmeu KOHV^eeux moueK 7, naudymcM Uq > u hucao C > manue, umo npu 
ecex u > Uq oKpecmHocmb T 6ydem codepofcamb mouKU cneKinpa. BoAee mozo, ecAU 
paccMompemb mouKU Xk, ydoeAemeopnwuj^ue coomHouieHum S(Afe, Zo(Afc), — (^^ — 'K/A)i/u, 
mo 6 naofcdou onpecmnocmu lAk smux moueK paduyca C /u^, AeMcaw^eu e T naudemcH u npu 
moM eduHcmeeuHaH mouKa cneKmpa. 



/^OKasaTejibCTBO. HpoBOflHTca no toh me cxeMe, hto h ;i;oKa3aTejibCTBO jieMMbi 5.7 



OTMeTHM, ^TO MaTpHn,a nepexo^a b btom cjiynae CTpoHTca na ocnoBanHH jigmmbi p^ . 

HpH 4)HKCHpoBaHHOM A G 7 jiHHHK) CTOKca, coflep>Kaiu,yio ^ o6o3Ha^HM Hepea 
h. ^ajibHeiiniyio HyMepaii;Hio 5yfleM npoBo;i;HTb npoTHB nacoBoii CTpejiKH. HyMepaii;Hio 
KaHOHHHecKHx oGjiacTefl npoBe^eM anajiornHHO ycjiOBHio jieiviMbi |5.4| . ^Jia y;i;o6cTBa o6o3HaHHM 
T] — ocTaBinaaca (nocjie C.) TOHKa napbi a, b. CooTHomeHne na pemenHa npnivieT bh;i;: 

U,\ / ^ ]( 

Vi J \ l/«i2 ia23 / V ^2 

AnajiornHHO flOKaaaTejibCTBy jieiviMbi p.7| , nojiy^HM cooTHomeHne: 

^-u(Si{zo,0+S2(zo,r})) ^ ^n(Si(zo,g)+52(zo,r?))^-|^ | | 

"12 

KOTopoe, B CHjiy Toro, hto S2{zQ,r]) < paBHOCHjiBHO 5ojiee npocTOMy: 

npHMenafl k nocjie^Heiviy cooTHomeHHio TeopeMy Pyme, nojiy^HM yTBepjK^eHHe jieMMbi. 
JleMMa flOKaaana. ■ 
HMeeT MecTO cjie;i;yioiii;ee 

Ilpe^jiojKeHHe 5.1. IJycmb npuean 7 xapanmepusyemcn mcM, umo us napu mouen a, b 
naudemcM odna ( odosnauuM ee uepes ^ ), HeAHWui^ancn npu ecex A G 7 KpumuuecKou e CMUcme 
onpedeAenuM ll . (Jj . OdosnauuM zo{X) — mouKa noeopoma, us Komopou ucxodum auhuh CmoKca 
codepofcavj^aM C,. Tosda (pyHKU,UH E(Afc, 2;o(Afc), ,^), paccMampueacMan KaK (pyHKU,UH apsyMenma 
A oduoAucmua e uenomopou mgaou onpecmnocmu 7. 



PaCCMOTpHM (|)yHKn,HIO 



b 



20 



Ilpe^jioaceHHe 5.2. 0yHKii,UH K nejiHemcsi odHOJiucmuou e o6Aacmu 11. 
^OKaaaTejibCTBO npHBe^teno b paSoTe 0. 

^jia nojiHOTbi KapTHHbi onnmeM noBe^eHne cneKTpa b okpgcthocth kphboh 7oo- 

JleMMa 5.9. /I^am a'K)6o20 unmepeaAa I (kohchhoso uau 6ecKOHeHHOso) I C 7oo, A2 ^ /, 
dAM AK)6ou OKpecmHocmu T amoso unmepeaAa, ne codepotcaui^eu HeKomopou OKpecniHocmu X2, 
HaudymcM Uq > u hucao C > maKue, umo npu ecex u > Uq OKpecmHocmt T 6ydem 
codepotcamb mouKU cneKmpa. EoAee mo20, ecAU paccMompemb mouKU Afc/ K{Xk) = iirk/u, 
mo e Kaofcdou OKpecmnocmu Uk amux monen paduyca C /v? , AeMcam,eu e T, naudemcH u npu 
moM eduHcmeeuHaM monna cneKmpa. 

/^OKaaaTejibCTBO. YpaBHenHe na xapaKTepHCTHnecKHfi onpe^ejiHTejiB, oneBH^HO, 
SKBHBajieHTHO cjie^iyiomeMy: 

e2"^W = l+0(-), 
u 

OTSpacbiBaa ;i;o5aBKy, KaK h panee, nojiy^HM 2uK{Xk) = 27rki. Hojibayacb TeopeMofi Pynie, 
saBepniHM flOKaaaTejibCTBO. 
JleMMa flOKasana. ■ 



Otmgthm, ^to PI3 cjie^CTBHa |5.1| h jigmm |5.8|, |5.9| cjie^yeT cjieflyiomaa BajKnaa 

TeopeMa 5.1. UpedeAbnaji cneKmpaAbnan (pynKu^un (e CMUCAe onpedeAenun \l.ld[ ) Bah 
KaMcdou U3 KpumuuecKux npueux npedeAbnozo cneKmpaAbuozo 2pa(pa npedcmaeAHemcn e eude 

1. B CAynae A G 7o.' 

7V(A) = ji^efA. 



2. B CAyuae A G 7a.' 



3. B cAynae A G 7^ 



a 

iV(A) = ^e-f^ [ ^C^dC 

TTV^ J 

a 

N{X) = ^e-f^ / ^/C^dC. 



4. B CAynae A G 75.' 



N{X) 







5. B cAynae A G 70 



N{X) 



b 



^OKaaaTejibCTBO ^anHoro yTBep>KfleHHa nojinocTbio noBTopaeT flOKaaaTejibCTBO 
anajiornHHOH TeopeMbi fljia cjiyna CHMMeTpHHHoro npo(J)HJia ||2|. 

PaSoTa noflflepacana rpaHTaMH POOH N010100691 h N001596100. 
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